Let F be a field and S? a maximal commutative subalgebra of the full matrix algebra
INTRODUCTION
Let F be a field, and let M, (F) be the algebra of n X n matrices over F. A commutative subalgebra &' of M,(F) is maximal if its centralizer (commutant) %'(A) equals ~2. A nice account of the literature on maximal commutative subalgebras is contained in the book by Suprunenko and Tyschkevich [7] . -4 classical result of Schur states that a maximal commutative subalgebra of M, (F) has dimension at most [n2/4] + 1 (and this bound is achieved). The determination of a lower bound for the dimension of a maximal commutative subalgebra is a much more difficult problem. Even as late as 1961, Gerstenhaber [3] posed the question of whether such a subalgebra must have dimension at least n. Maximal commutative subalgebras of M,(F) of dimension n are easy to construct; for example LINEAR ALGEBRA AND ITS APPLICATIONS 71:199-212 (1985) 199 the algebra of polynomials in a nonderogatory matrix A, and are two (nonisomorphic if n > 2) such algebras. (Here { Eii} denote as usual the standard matrix units.) R. C. Courter ([l] ; see also [7, p. 841 Gustafson [4] showed that a maximal abelian commutative subalgebra of M,(F) has dimension greater than n 2/3 He poses a number of problems-in .
particular he asks for an easy-to-verify construction of a set of maximal commutative subalgebras of M,(F) of dimension less than n and for a more realistic lower bound for the dimension, at least in the case where the radical has cube zero.
In this paper we obtain an essentially best possible lower bound for the dimension of a maximal commutative subalgebra JZ? of M, (F) with (rad -QI)" = 0. It turns out that Gustafson's bound is in fact of the right order of magnitude in n (n2j3) even in this case, the minimal dimension being [3n2j3 -41 for infinitely many n. The derivation of the lower bound and the construction of examples attaining it occupies Sections 2, 3. In Section 4, we obtain a lower bound of (2n) 2/3 -1 for the dimension of a maximal commutative subalgebra of M,,(F) in general. In Section 5, we describe a group-theoretic consequence of our results.
The notation is standard with the following additions:
AT denotes the transpose of the matrix A; M,, &F) denotes the space of p X q matrices over F; U(d) denotes the centralizer of the subalgebra S? of M,,(F): thus
AE~};
rad S/ denotes the radical of JZ';
[ -1 denotes the greatest-integer function; 0 denotes both the zero element and the zero algebra.
THE LOWER BOUND
Let .ZZ' be a maximal commutative subalgebra of M,,( F ), and let V = F ", the space of row n-tuples over F. Regard V as a (faithful) (**)
Now E = n -(k + m). We must choose k, m to minimize the right-hand side of (* *). By symmetry, we may take k = m > 1. Let
The minimum occurs when the derivative f'(k) = 0. Now
Thus the minimum occurs when n = k( k" + 3). In this case f(k) = 3k2 + 1. We now derive some inequalities. + jth row (i.e., YSj has its jth row equal to the ith row of X, and all other rows equal to zero)fori,j=1,2 ,..., k.
The key observation is as follows. 
PROPOSITION.

Using the above notation, a pair (PA?) E %,k(W &J(F) is compatible if and only if
BOUND IN THE GENERAL CASE
In this section we obtain a slight improvement on Gustafson's result [4] that the dimension of a maximal commutative subalgebra of M, (F) is greater than n2/3. Our proof, though similar to his, is a little more elementary, as it avoids reference to injective hulls.
Let J&' be a subalgebra of M,(F), and suppose that d/R E F, where R = rad &'. Let V be the space F" of row n-tuples over F, and let V,= {v~V/uR=0}. (w E P-k)
is equivalent to a system of k homogeneous linear equations in n -k unknowns.
Since the complete system thus obtained has only the trivial solution, we obtain n -k < kd,. 
If k < 2-2'3n'/3, then (1) implies that dim & 2 (2n)2/3. Suppose k > 2 -1'3n1'3. By (3) The function k( n -k) is increasing (for 0 < k < n/ 2>, ~0 dim & , 2 { 2 2/3n1/3( n _ 2 Vnw) } I"
This proves
PROPOSITION 2. Let Sp be a subalgebra of M,( F) satisfying
Zhen dim & > (2n)2/3 -1.
We now prove THEOREM 2.
Then Let d be a maximal commutative subalgebru of M,( F ).
dim _&' > (2n)2'3 -1.
Proof.
As in Section 2, there exist positive integers k, n,, . . . , nk with n=n,+ .-. + nk and maximal commutative subalgebras di of M,,(
It is easy to check that the dimension of a maximal commutative subalgebra
is at least n if n < 4. Repeated application of the inequalities
(ii) (2~)~'" + {2(n -z~)}~/~ > 1+(2n)2/", 4 6 x < n/2 now yields the theorem. n
REMARKS.
We do not know of any example of a maximal commutative subalgebra of M,( F) with lower dimension than the bound in Theorem 1.
A GROUP-THEORETIC CONSEQUENCE
Let 9 = p" where p is a prime and n >, 1. Let G = GL( n, 9) be the group of nonsingular n X n matrices over the finite field GF(9).
Let S be a Sylow p-subgroup of G. It is well known and easy to verify that S has order 9 n(n ')I2 and that S is conjugate to the group P of unipotent lower triangular matrices in G. (A triangular matrix is unipotent if its diagonal entries are all equal to 1).
Suppose n = k3 + Sk, where k > 2 is an integer. Let
where .& is the algebra constructed in Section 3. Then H is a maximal abelian subgroup of P with IHI = qh, where h = 3k2 = [3n2/" -71. This is in marked contrast to the fact (see, for example, Huppert [5, III, 5 161 ) that the maximal abelian normal subgroups of P have order at least q ' I.
Conversely, the arguments of Section 2, 4 can be used to show that if K is a maximal abelian subgroup of G and K is indecomposable, then 1 K ( 2 (q - We omit the details. Finally, we would like to remark that the related problem of determining the structure and size of maximal abelian subalgebras of Lie algebras has been considered by many authors (see, for example, [6] ) and has applications in physics. 
